We study the condition to open a finite gap in tight-binding electrons on an extended honeycomb lattice with the next-nearest-neighbor transfer integrals t 2a , t 2b , t 2c , t 2d , t 2e , and t 2f , where t 2a , t 2b , and t 2c are transfer integrals between the sublattice A and t 2d , t 2e , and t 2f are transfer integrals between the sublattice B. If the system has the inversion symmetry in this model, i.e., the sublattices A and B have the same on-site potential ( A ¼ B ), the gap is zero. We find that although the finite gap is generally opened by inversion-symmetry breaking, the gap remains zero if the averaged inversion symmetry, which is defined as the sum of the transfer integrals and the on-site potentials of the sublattices are the same (t 2a þ t 2b þ t 2c þ A ¼ t 2d þ t 2e þ t 2f þ B ), is conserved.
Introduction
The realization of ''massless Dirac fermions'' in graphene [1] [2] [3] and the organic conductor -(BEDT-TTF) 2 I 3
4-7)
attracts a lot of interest recently. The electron band structure of graphene can be understood using a tightbinding model on a honeycomb lattice with uniform nearestneighbor transfer integrals. Two bands touch each other at the K and K 0 points [k ¼ ð0; AE4=3a) or equivalently (2= ffiffi ffi 3 p a; Ç2=3a), where a is the lattice constant and 1.42 Å ]. 8, 9) Unique physical properties, such as temperatureindependent conductivity and unusual quantum Hall effect, originate from the massless Dirac fermions. 2, 10, 11) One of the natural questions is how can the gap be opened, in other words, what is the condition for the zero gap. The existence of the finite gap is also important for application in electronic devices. Actually, the opening of the gap has been observed on an epitaxial graphene on a SiC substrate.
12) The finite gap has also been observed in bismuth [13] [14] [15] and HgTe quantum wells. 16) The honeycomb lattice consists of two sublattices, namely, the sublattices A and B. The tight-binding model on the honeycomb lattice has several symmetries, such as time-reversal, inversion, translational, and sixfold rotational symmetries.
The time reversal symmetry is broken by a magnetic field. If the magnetic field is uniform, the gap remains zero.
10)
Haldane 17) has studied a model with next-nearest-neighbor transfer integrals in the presence of a periodic local magnetic flux with a zero total flux through a unit cell. In that model, the gap is opened and the quantum Hall effect appears. Kane and Mele 18) extended the Haldane's model and showed that the gap is opened by spin-orbit coupling and the quantized spin Hall effect can occur in that system. It has also been obtained that the gap is opened by the breaking of the translational symmetry with the Kekulé texture. 19, 20) When the inversion symmetry is broken owing to the difference in on-site potential between sublattices A and B, the gap of graphene is opened. 21, 22) Note that the inversion symmetry is the same as the twofold () rotational symmetry in a two-dimensional system. Therefore, the sixfold rotational symmetry is also broken in the system without the inversion symmetry. The opening of the gap observed on the epitaxial graphene 12) is considered to be caused by the breaking of the inversion symmetry.
If the threefold (2=3) rotational symmetry is broken by changing the nearest-neighbor transfer integrals to different values, the gap is not opened for small changes in transfer integrals.
23) The breaking of the threefold rotational symmetry only moves the position of ''Dirac points'' from K and K 0 points in the reciprocal space. To open the gap by the breaking of the threefold rotational symmetry, two gapless points should be merged into one point.
23) The Dirac points in nonsymmetric points in the Brillouin zone are realized in -(BEDT-TTF) 2 I 3 , which is called an accidental degeneracy. 4, 5, 24) In this study, we investigate the opening of the gap due to inversion symmetry breaking in a tight-binding model with on-site potentials ( A and B ) for the sublattices A and B, nearest-neighbor transfer integrals (t a , t b , and t c ) and nextnearest-neighbor transfer integrals (t 2a , t 2b , t 2c , t 2d , t 2e , and t 2f ). These transfer integrals are shown in Fig. 1 . By symmetry operations (threefold rotation, inversion, and averaged inversion, which are defined below), the on-site potential and transfer integrals are changed, as summarized in Table I . If the rotational symmetry is broken but the inversion symmetry is conserved, i.e., t 2a ¼ t 2d 6 ¼ t 2b ¼ t 2e 6 ¼ t 2c ¼ t 2f , the gap is zero, as in the case without the next-nearestneighbor integrals. 23 ) Furthermore, we obtain that even if both the rotational and inversion symmetries are broken, the gap remains zero as long as the condition of the averaged inversion symmetry is satisfied, which is explained in §3.
Model
We use a tight-binding model on a generalized honeycomb lattice, where on-site potentials, nearest-neighbor transfer integrals and next-nearest-neighbor transfer integrals are finite. The Hamiltonian is given by the matrix
where
The band parameters of graphene are estimated 9,25-29) as follows; t a , t b , and t c are about 2.7 -3.1 eV. Although the next-nearest-neighbor transfer integrals are unknown, it is considered that t 2a , t 2b , t 2c , t 2d , t 2e , and t 2f are of the order of 0:1t a ' 0:3 eV, which are used in some studies. 28, 29) 
Results and Discussion
Eigenvalues are obtained as
Recently, eq. (5) has also been obtained by Pereira et al.
29)
When A ¼ B and
Therefore, the gap (Á k ) is zero even when the rotational symmetry is broken owing to the different values between the nearest-neighbor transfer integrals (t a 6 ¼ t b 6 ¼ t c ), as in the case without the nextnearest-neighbor transfer integrals. 23) The gap Á k becomes zero only when A k À B k ¼ 0 and jC k j ¼ 0. If t a ¼ t b ¼ t c , we obtain jC k j ¼ 0 at K and K 0 points which are located on the corner of the first Brillouin zone. We also obtain A k À B k ¼ 0 when A ¼ B , t 2a ¼ t 2d , t 2b ¼ t 2e , and t 2c ¼ t 2f , where the system has the inversion symmetry. Thus, in this case, Á k is zero. On the other hand, if the inversion symmetry is broken by A 6 ¼ B but the nextnearest-neighbor transfer integrals have the inversion symmetry (t 2a ¼ t 2d , t 2b ¼ t 2e , and
is not zero for all k's. In this case, Á k becomes non-zero. Now we consider the case in which the inversion and rotational symmetries are broken by the on-site potentials and next-nearest-neighbor transfer integrals. We consider t a ¼ t b ¼ t c . When the conditions A ¼ B , t 2a ¼ t 2d , t 2b ¼ t 2e , and t 2c ¼ t 2f are not satisfied, the inversion symmetry is broken. However, the breaking of the inversion symmetry is not a sufficient condition for the finite gap. If the condition
is satisfied, we obtain A k ¼ B k at K and K 0 points. Therefore, the gap is zero. We call the condition in eq. (8) as the averaged inversion symmetry. When the condition in eq. (8) is not satisfied, the gap is opened, and the magnitude of the gap is given by
The relationships between the energy gap and the symmetries are summarized in Table II . The massless Dirac fermions are realized in the system without the inversion symmetry but with the averaged inversion symmetry. This is possible in the substrate giving the following situation. If Table I . C 3 and I are the threefold rotational and inversion symmetries, respectively. AI is the averaged inversion symmetry defined in this paper.
Symmetry
the epitaxial graphene has the same potential ( A ¼ B ) in the sublattices A and B, but the next-nearest-neighbor transfer integrals t 2a and t 2e (thick dotted lines in Fig. 1 ) are modified and different from other next-nearest-neighbor transfer integrals (thin dotted lines in Fig. 1 ) owing to the atoms in the substrate, the situation t 2a ¼ t 2e 6 ¼ t 2b ¼ t 2c ¼ t 2d ¼ t 2f can be realized. Note that the mirror symmetry with respect to the y-axis is also conserved in that case, but the mirror symmetry is not necessary for the existence of the zero gap. Recently, charge disproportionation has been observed in -(BEDT-TTF) 2 I 3 in the metallic state. 30, 31) In -(BEDT-TTF) 2 I 3 , there are four sites in a unit cell (A, A 0 , B, and C) and the system has the inversion symmetry. However, the different sites in the unit cell are not converted to each other by space inversion (A and A 0 are converted to each other and B and C are not changed by inversion). 6, 32, 33) This indicates the possibility of charge disproportionation in a system with the inversion symmetry and Dirac points. 6) On the other hand, the honeycomb lattice has two sites in the unit cell, which are converted to each other by space inversion. Therefore, if the inversion symmetry is conserved, the charge should be uniform. When the averaged inversion symmetry is conserved but the inversion and mirror symmetries are broken, A k is generally not equal to B k in eq. (1), which may cause the charge disproportionation in the sublattices A and B.
Conclusion
We have shown that the gap of tight-binding electrons on a honeycomb lattice with nearest-neighbor and next-nearestneighbor transfer integrals remains zero when the averaged inversion symmetry is conserved, even if the inversion symmetry is broken.
